Abstract. We present adaptive multiresolution (MR) computations of the two-dimensional compressible Euler equations for a classical Riemann problem. The results are then compared with respect to accuracy and computational efficiency, in terms of CPU time and memory requirements, with the corresponding finite volume scheme on a regular grid. For the same test case, we also perform computations using adaptive mesh refinement (AMR) imposing similar accuracy requirements. The results thus obtained are compared in terms of computational overhead and compression of the computational grid, using in addition either local or global time stepping strategies. We preliminarily conclude that the multiresolution techniques yield improved memory compression and gain in CPU time with respect to the adaptive mesh refinement method.
Introduction
Adaptive discretization methods for solving nonlinear PDEs have a long tradition and can be tracked back to the late seventies [11] . Adaptivity is motivated by the huge computational complexity of real world problems which involve typically a multitude of dynamically active spatial and temporal scales. Introducing adaptivity
The striking efficiency of this algorithm, in particular for instationary supersonic gas dynamical problems, has been demonstrated by Bell et al [4] . Several implementations of the AMR method for single processor computers [7, 17, 29] and parallel systems [4, 19, 36, 45] have been presented; variants utilizing simplified data structures have also been proposed [39, 43] . Our interest in here is in comparing MR with the fundamental AMR method proposed in [6] . Such benchmarks are still missing and the current paper can be seen as a first contribution step towards a direct comparison.
The outline of the paper is the following: first, we present the governing Euler equations together with their finite volume discretization. Then, we briefly summarize the adaptive mesh refinement and multiresolution strategies. Numerical results for a classical Riemann test problem are presented in Section 2, followed by preliminary conclusions.
Numerical Methods

Finite Volume discretization of the Euler equations
The compressible Euler equations can be written in the following form,
with Q = (ρ, ρ v, ρe) T , where ρ = ρ( x, t) is the density, v = v( x, t) is the vector velocity with components (v 1 , v 2 ), and e = e( x, t) is the energy per unit of mass, which are functions of time t and position x = (x 1 , x 2 ). The flux function f = (f 1 , f 2 )
T is given by 
where T = T ( x, t) is the temperature, γ the specific heat ratio and R the universal gas constant. In dimensionless form, we obtain the same system of equations, but the equation of state becomes p = As reference discretization, we consider the numerical solution represented by the vectorQ of the approximated cell-averages Q i,jQ
on cells Ω i,j of a uniform grid Ω. For the space discretization, a finite volume (FV) method is chosen, which results in the following system of ODEs
where F (Q) denotes the vector of the numerical flux function. For the time integration, approximate solutionsQ n at a sequence of time instants t n are obtained using explicit ODE solvers. The time step to go from t n to t n+1 = t n + ∆t n is set by the CFL condition.
Adaptive Mesh Refinement Method
The AMR method [4, 6, 8] follows a patch-oriented refinement approach. Instead of replacing single cells by finer ones, non-overlapping rectangular subgrids G l,m define the domain of an entire level l = 0, . . . , L by
As the construction of refinement proceeds recursively, a hierarchy of subgrids successively contained within the next coarser level domain is created (Figure 1) . Note that the recursive nature of the algorithm allows only the addition of one new level in each refinement operation. In contrast to cell-based mesh adaptation techniques, the patch-based approach does not require special coarsening operations; subgrids are simply removed from the hierarchy. The coarsest possible resolution is thereby restricted to the level 0 grid. Usually, it is assumed that all mesh widths on level l are r l -times finer than on the level l −1, i.e. ∆t l = ∆t l−1 /r l and ∆x n,l = ∆x n,l−1 /r l , with r l ∈ N, r l ≥ 2 for l > 0 and r 0 = 1, which ensures that a time-explicit finite volume scheme (in principle) remains stable under a CFL-type condition on all levels of the hierarchy.
The numerical update is applied on the level l by calling a single-grid routine implementing the finite volume scheme in a loop over all the subgrids G l,m . The regularity of the input data allows a straightforward implementation of the scheme and further permits optimizations to take advantage of high-level caches, pipelining, etc. New refinement grids are initialized by interpolating the vector of conservative quantities Q from the next coarser level. However, data in cells already refined is copied directly from the previous refinement patches. Ghost or halo cells around each patch are used to decouple the subgrids computationally. Ghost cells outside of the root domain G 0 are used to implement physical boundary conditions. Ghost cells in G l have a unique interior cell analogue and are set by copying the data value from the patch where the interior cell is contained (synchronization). For l > 0, internal boundaries can also be used. If recursive time step refinement is employed, ghost cells at the internal refinement boundaries on the level l are set by time-space interpolation from the two previously calculated time steps of level l − 1. Otherwise, spatial interpolation from the level l − 1 is sufficient. The characteristic of the AMR algorithm is that refinement patches overlay coarser grid data structures, instead of being embedded, again avoiding data fragmentation. Values of cells covered by finer subgrids are subsequently overwritten by averaged fine grid values, which, in general, would lead to a loss of conservation on the coarser mesh. A remedy to this problem is to replace the coarse grid numerical fluxes at refinement boundaries with the sum of fine grid fluxes along the corresponding coarse cell boundary. Details about this flux correction can be found in [6, 20, 21] . The basic recursive AMR algorithm is formulated in Figure 1 . New refinement grids on all the higher levels are created by calling Regrid() at a given level l. The level l by itself is not modified. To consider the nesting of the level domains already in the grid generation, Regrid() starts at the highest level to be refined and proceeds down to l + 1. After evaluating the refinement indicators and flagging cells for refinement, a special clustering algorithm [4] is used to create new refinement patches until the ratio between flagged and all cells in every new subgrid is above a prescribed threshold 0 < η tol ≤ 1.
In the present paper, all the AMR computations have been carried out using the AMROC (Adaptive Mesh Refinement in Object-oriented C++) system that implements the Berger-Collela AMR algorithm [6] generically in C++ and is free of charge for scientific use [19, 23] . At the present time, the AMR core of AMROC consists of approximately 46, 000 lines of code in C++ and approximately 6, 000 lines for visualization and data conversion. Although AMROC permits large-scale MPI-parallel AMR computations in all three space dimensions [22, 42] , the present investigation is restricted to 2D and uses only the serial algorithm of the software. The employed patch-based finite volume discretization is a standard unsplit shock-capturing MUSCL scheme with a Minmod limiter and an AUSMDV flux-vector splitting numerical flux function [52] . The time integration is based on the MUSCL-Hancock approach [20, 50] . For sufficiently smooth solutions, the method is of second-order accuracy in space and time. Similarly to the AMR inter-level transfer operations (interpolation, averaging), the employed finite volume update routine was coded in Fortran-77 and all the codes were compiled with standard compiler optimizations (-O3 with loop unrolling, inlining, etc.) using the GNU compiler suite on the benchmark system.
As refinement indicators, scaled gradient criteria of the form
were applied to density and pressure, where ρ = p = 0.05. As it is common practice [6] , a layer of one additional cell width was also tagged for the refinement around each refinement flag to ensure that the flagged feature does not leave the refinement region during the next time step. Furthermore, AMROC allows for the additional application of a heuristic local error indicator based on a Richardson estimation [6, 8] that compares an auxiliary twice coarser solutionQ with a coarsened solution Q of Q at t + ∆t. The difference
is an approximation to the leading-order term of the local error on quantity w. Multiple refinement indicators are combined by successive boolean OR operations. For the shock dominated example of Section 2, however, scaled gradient and Richardson error estimation criteria were found to give virtually identical grid refinement and the benchmarked computations only utilized the former.
Adaptive Multiresolution Method
The adaptive MR scheme belongs to a class of adaptive hybrid methods which are formed by two basic parts: the operational part and the representation part. The operational part consists of an accurate and stable discretization of the partial differential operators. In the representation part, wavelet tools are employed for the multiresolution analysis of the discrete information. The principle of the MR setting is to represent a set of function data as values on a coarser grid plus a series of differences at different levels of nested grids. The information at consecutive scale levels are related by inter-level transformations: projection and prediction operators. The wavelet coefficients are defined as prediction errors, and they retain the detail information when going from a coarse to a finer grid [48] .
In MR schemes for the adaptive numerical solution of PDEs, the main idea is to use the decay of the wavelet coefficients to obtain information on local regularity of the solution. Adaptive MR representations are obtained by stopping the refinement in a cell at a certain scale level where the wavelet coefficients are nonsignificant. In particular, these coefficients are small in regions where the solution is smooth and significant close to irregularities. In the finite volume context, the natural representation framework is the multiresolution analysis based on cell-averages. Instead of using the cell-average representation on the uniform fine grid, the MR scheme computes the numerical solution represented by its cell-averages on an adaptive sparse grid, which is formed by the cells whose wavelet coefficients are significant. An efficient way to store the reduced MR data is to use a tree data structure, where grid adaptivity is related with an incomplete tree, and where the refinement may be interrupted at intermediate scale levels. This means that, using the tree terminology, a MR grid is formed by leaves, which are nodes without children (Figure 2 ).
For the time evolution of the solution, three basic steps are considered: refinement, evolution and coarsening. The refinement operator is a precautionary measure to account for possible translation or creation of finer scales in the solution between two subsequent time steps. Since the regions of smoothness or irregularities of the solution may change with time, the MR grid at t n may not be convenient anymore at the next time step t n+1 . Therefore, before doing the time evolution, the representation of the solution should be interpolated onto an extended grid that is expected to be a refinement of the adaptive grid at t n , and to contain the adaptive grid at t n+1 . Then, the time evolution operator is applied on the leaves of the extended grid. To compute fluxes between leaves of different levels, we also add virtual leaves (Figure 2 , right side). Conservativity is ensured by the fact that the fluxes are always computed on the higher level, the value being reported on the leaves of a lower level [48] .
Finally, a wavelet thresholding operation (coarsening) is applied in order to unrefine the cells in the extended grid that are unnecessary for an accurate representation of the solution at t n+1 . In order to save CPU time, instead of evolving the solution with a single time step on all grid cells, the solution may be integrated with a different time step for each level. For the MR/LT scheme, the time step ∆t n at the finest scale level L is determined by the CFL condition. The principle is then to evolve the cells at lower levels 0 ≤ < L with larger time steps ∆t n = 2 L− ∆t n . Required missing values in ghost cells are interpolated at intermediate time levels.
For the MR method used in the present paper, the reference FV scheme of the operational part uses a 2nd order MUSCL with an AUSM+ flux vector splitting scheme [38] and the van Albada limiter [51] . For the time evolution, an explicit second-order Runge-Kutta (RK2) scheme is used, and the cell-average multiresolution analysis corresponds to a prediction operator based on a third order polynomial interpolation on the cell-aerages. For further details on the adaptive MR scheme, we refer to [48] , and to [26] for its MR/LT version.
Numerical Results
In this section, the main parameters used in both methods are described. Then, the results of the simulations are presented and discussed.
Initial condition and parameters
The case study chosen here is a typical Riemann problem for 2D gas dynamics treated e.g. in [37] , and initially discussed in [49, 53] . The initial data are constant in each quadrant (Figure 3) , and the values are given in Table 1 . This test case corresponds to the configuration #5 in [37] . This classical test case only involves contact discontinuities and generates motion in opposite directions. As detailed previously, both mesh refinement methods use enhanced AUSM-type numerical flux functions with comparable second-order accurate reconstruction and limiting. For both methods, the expected CFL number is 0.45, and a series of computations with maximal level L = 8, 9 and 10 are performed, respectively corresponding to 256 × 256, 512 × 512, and 1024 × 1024 cells on the finest uniform grid. Adaptive computations are performed first without, then with a local time stepping for both AMR and MR schemes.
For the MR method, the refinement factors are always dyadic, i.e., r l = 2, and leaves are allowed in every level 0 ≤ l ≤ L. A threshold analysis has been performed, and the optimal values of the tolerance are 0.01 for L = 8, 0.008 for L = 9, and 0.005 for L = 10. For details on the way to determine the optimal value of , we refer to [48] .
The basic coarse grid for the AMR method is a 128 × 128 grid, i.e. 7 ≤ l ≤ L, and the threshold coefficients for refinement ρ = p = 0.05 were used. Only computations with refinement factors r l = 2 are compared to the MR method. Additionally, an option was added to AMROC to always restrict the repeat-loop in the recursive AMR algorithm of Figure 1 to one iteration, deactivating the utilization of hierarchical (or local) time step refinement, thereby enabling comparisons with the MR method without local time stepping. Since these measures influence the computational efficiency of the AMR method, we quantify the resulting performance penalties for the L = 10 case (1931 time steps in unigrid mode) in Table 2 . Table 2 provides a breakdown of AMROC's overall CPU time into the most important operations of the AMR algorithm with and without local time steps (LT), and when a refinement factor of 4 is used instead of 2 on the highest level. Integration denotes the block-based routine of the finite volume scheme; the other profiled operations are sub-tasks of the refinement algorithm (cf. Section 1.2). Further on, counters were added to the code to compute the number of cells updated, C, and the number of updated leaf cells, L, which are not covered by further refinement. Compared to the standard application situation (r l = 2, 4 with LT) the CPU time has roughly doubled in the worst case scenario (r l = 2, 2, 2, no LT). Since C is only slightly larger in the latter case, this increase is obviously due to higher costs for orchestrating the mesh adaptation. It is worth pointing out that for straightforward finite volume schemes, as the one used here, the core idea of the AMR method of employing larger than necessary data patches to benefit from cache coherence and super-scalar processing units during the finite volume update works particularly well. To quantify this effect, the integration performance, the ratio of C and the total time spent in Integration alone has been calculated. Unsurprisingly, the adaptive computations using less and larger refinement patches (r l = 2, 4) are considerably closer to the unigrid integration performance.
In summary, the investigation of Table 2 illustrates that the performance of the AMR method does not solely depend on the number of updated total or leaf cells. Enforcing a minimal overall cell count by employing very deep refinement hierarchies or using a grid generation efficiency close to 1 usually results in a loss of computational performance. The specific choices of using a base mesh of 128 × 128 and a clustering efficiency of η tol = 80 % for the present study are quasi-optimal settings with respect to overall compute time, which was verified in additional computations (not shown here).
Visualization of the final solution
In Figure 5 , the isolines of density for the final solution are plotted together with the adaptive grid. We observe that both solutions fit well with their respective reference solution given in Figure 4 . The grids on the right side show that both methods adapt well to the discontinuities and steep gradients of the density. However, for the MR method, the lowest level reached is lower than 7, which is the level of the coarsest grid the AMR method. This results in a better compression for the MR method, especially when the maximal level is L = 8.
Error, speed-up, memory compression and overhead
The goal of an adaptive computation is to obtain the solution with a significant gain in CPU time and memory, while preserving the accuracy of the corresponding FV scheme on the regular finest grid. To assess the quality of an adaptive simulation, the discrete L 1 -error is computed, using as reference the FV solution with the same space-time schemes on a 2048 × 2048 uniform grid, i.e. using L = 11 levels. Figure 4 shows the isolines of density for such reference solutions. We observe that both results differ slightly, which is likely due to the fact that the numerical fluxes used in MR and AMR method are not exactly identical. For the adaptive AMR case, the error is evaluated as the sum of the L 1 -error norms on the domain Ω l without higher refinement, i.e.,
denotes the L 1 -norm on the domain Ω, and where Q r i,j denotes the projection of the reference solution from the 2048 × 2048 uniform mesh down to the desired mesh with step size ∆x.
For the MR method, the adaptive solution is recursively projected up to the desired finest uniform grid of level L with a step size ∆x L . The goal is to obtainQ (i,j) using the third order cell-average interpolation. Then the discrete error is evaluated on the domain Ω as
where Q r (i,j) denotes the projection of the reference solution from the level L = 11 down to the desired level L. Special counters were implemented to evaluate the performance of the two codes. The CPU time compression rate is defined as the ratio between the CPU time required to compute the final solution using the adaptive method and the one required to compute the same solution using the fine-grid method. In an adaptive simulation, an average memory requirement is defined asC where N I is the number of performed time steps, and C n denotes the sum of cells of the entire hierarchy at t = t n . Then, the memory compression is defined as the ratio of the average memory requirement and the number of cells N C of the finest uniform grid.
In a FV code, the main contribution to the CPU time is the expensive numerical flux evaluation. One crucial question is to know whether the gain in CPU time due to the reduction of expensive flux computations in adaptive simulations is larger than the additional computational overhead induced by the adaptive algorithm.
To evaluate the overhead of the adaptive computations, we consider the number
which denotes the average CPU time spent to evolve the solution in each cell of the computational domain, in each time step. Here N I n=1 L n denotes the sum of the leaves of the tree during the whole computation. Since the time evolution of the AMR method is performed in every cell of the different adaptive grids, we define
where N I n=1 C n denotes the sum of the cells of all the adaptive grids during the whole computation. In adaptive computations, Γ M R and Γ AM R are expected to be larger than Γ F V on the regular finest grid. Hence, the overhead per iteration and per cell of an adaptive computation is defined bȳ
The average overhead per iteration is the overhead per iteration and per cell multiplied by the average memory compression for the AMR method, and by the average grid compression -i.e. the average number of leaves divided by the number of cells of the finest grid -for the MR method.
A summary of the MR and AMR results, obtained without and with local time stepping, is assembled in Tables 3 and 4 , respectively. All the computations were run on the same double processor workstation.
With the chosen grid adaptation parameters, both adaptive methods give discrete L 1 -errors of the same order. Both are comparable with the L 1 -error of the FV scheme on the corresponding regular fine grid, as indicated in the second and third columns of Tables 3 and 4 . As expected from the results of the previous subsection, we observe that the gain in both CPU time and memory compression is larger using the MR method than using the AMR one. This is particularly true for L = 8 levels. For L = 10 levels, the difference in terms of memory compression is slightly reduced while the difference in term of CPU time remains large. On the other hand, the speed-up due to local time stepping is larger for the AMR method than for the MR method. Table 2 shows that especially for dyadic refinement factors and no local time stepping the difference between the number of leaf cells and the total cell count used by the AMR method is particularly large. Nevertheless, the gain in CPU time compression is still larger using the MR/LT method than using the AMR/LT method. Figure 6 . Time evolution of the number of used cells (left) and of the total kinetic energy (right) with r l = 2, 2, 2 for the AMR method using L = 10 levels, together with the reference computation on the 2048 2 mesh.
Figures 6 and 7 show the time evolution of the number of used cells and the total kinetic energy for both method. They show that the kinetic energy curves match well with the reference solution, which confirms the accuracy of the method and the good grid convergence obtained on L = 10 scales. Naturally, the MR method requires less cells than the AMR one during computation. 
Conclusion
In the present paper, adaptive computations of the two-dimensional compressible Euler equations for a classical Riemann problem are presented. The goal is to compare, for the same accuracy, the efficiency in terms of CPU time and memory compression of two adaptive methods: the adaptive multiresolution (MR) method and the adaptive mesh refinement (AMR) method, first with a global time step, then with a scale-dependent local time step. Both methods are based on an explicit finite volume method on an adaptive grid, with second order schemes in space and time. The main difference is in the way the adaptive grid is stored: a graded tree data structure for the MR method and a series of regular data blocks on the different levels for the AMR method. The other main difference is the error estimator. It is based on the details, or wavelet coefficients, between two consecutive levels of the adaptive grid for the MR method, whereas it relies on scaled gradient criteria based on pressure and density for the AMR method.
For both methods, the threshold coefficients were chosen to lead approximately to the same accuracy. In the present paper, it is shown that, for this Riemann test-case, the MR method presents larger compression rates and larger gains in CPU time than the AMR method, using either global or local time stepping strategies. The improved compression rates observed for the MR method are a direct result of the patch-based refinement technique, used in the AMR method, that accepts a larger number of total cells to avoid data fragmentation. The objective of the AMR method is to sustain as much of the integration performance of an optimal Cartesian unigrid finite volume code on a dynamically adaptive mesh, however, the better CPU time compression rates of the MR show that there are limitations to this approach.
An advantage of the AMR method is that, nowadays, optimized libraries are available. Thus, the change of the finite volume scheme becomes straightforward and reduces largely to modifying the patch-based numerical update routine. In case of AMROC, most users just need to employ function interfaces that are literally identical to the ones typically employed in Cartesian unigrid codes; the AMR library orchestrates refinement and parallelization in a transparent way and calls the user-specified single grid routines as required (cf. [20, 24] ).
Multiresolution methods have a rigorous and potentially more accurate regularity analysis [14, 40] , while for AMR methods rigorous error estimators are not available. Therefore, threshold values of AMR have to be tuned for a given problem, whereas in MR, in principle, the threshold is independent of the problem. This was shown in previous papers for different physical problems: flame balls [48] , flame ball-vortex interaction [46] and weakly compressible turbulent flows [47] .
As perspectives, we plan to compare the efficiency and accuracy of both adaptive methods for threedimensional problems, amongst others for the compressible Navier-Stokes equations, in order to evaluate these preliminary results for more complex configurations.
